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Design of a Longitudinal Ride-Control System
by Zakian's Method of Inequalities

T. R. Crossley*
University ofSalford, Salford, England

and
A. M. Dahshant

Military Technical College, Cairo, Egypt

In this paper, Zakian's method of inequalities is applied to the design of a ride-control system for a STOL
aircraft. The purpose of the controller is to reduce the normal acceleration experienced by both passengers and
crew. The method is based on the synthesis of a controller such that a set of performance specifications and
constraints is satisfied. Controllers are designed on the basis of the characteristics of both the closed-loop step
response and the closed-loop error response. It is shown that the design of a single-input, single-output con-
troller by the method of inequalities is straightforward, and can be achieved by using a sequence of formulations
until the designer is satisfied that no further improvement is necessary.

Nomenclature
A = plant matrix
ay = lateral acceleration
az = normal acceleration
az (x,t) = normal acceleration at station x
b = input vector
C = comfort rating
€, = constraint or bound
Dj ( s ) , D2 (s) — denominators of Gu ( s ) ,

Gl2(s)
d ( t ) = input disturbance
e ( t ) = error signal
E = disturbance matrix
f ( t ) = combined input function
g = acceleration due to gravity
G(s) = open-loop transfer function
G, (s) = open-loop aproper transfer

function
G, ( s ) = open-loop proper transfer

function
Gn (s) = open-loop transfer

function for fast mode
Gi2(s) = open-loop transfer

function for slow mode
/ = integer
Iy = pitch inertia
j = integer
KI = real number
Kmax = maximum external disturbance
K(s,p) = single-input, single-output

controller
L (s) = transfer function of power

control and actuator
£ z ( t ) = Laplace transforms = z ( s )
m](x), mj = measurement row vectors
MBP = moving boundaries process
Mu, Mw, M^, Mq, M^ = aerodynamic derivatives

= dM/du, dM/dw, dM/dw,
dM/dq, dM/dt), respectively
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= numerator of G^ (s)
= numerators of Gn ( s ) , Gi2 (s)
= controller parameter
= controller parameter vector
=integer
= pitch rate
=integer
= external input
= Laplace operator
= time
= settling period
= atmospheric disturbance vector
= velocity component in x

direction
= initial velocity component in ;r

direction
= gust velocity component in x

direction
= minimal, maximal controller

outputs
= undisturbed flight speed
= minimal, maximal rates of

change of controller output
= velocity component in z

direction
= gust velocity component in z

direction
= distance of point ahead of

center of gravity
= longitudinal state vector
= aerodynamic derivatives

= dX/du, dX/dw, dX/dw,
dX/dq, dX/dj], respectively

= system response
= system step response
= aerodynamic derivatives

= dZ/du, dZ/dw, dZ/dw,
dZ/dq, dZ/dr/, respectively

- = positive stability specification .
= characteristic polynomial
= prescribed error level
= elevator angle
= controller output demand
= closed-loop pole
= initial pitch angle
= perturbation in pitch angle
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= controller output
— number of closed-loop poles
= negative abscissa of stability
= root-mean-square value of

lateral acceleration
= root-mean-square value of

normal acceleration
= inequality function
= damped frequency of

short-period oscillation
co2 = damped frequency of long-

period oscillation

I. Introduction

A S a result of increasing public demand for short-haul air
transportation, short takeoff and landing (STOL)

aircraft have been found to be a good solution in terms of
economy, noise reduction, and traffic relief. It is well known
(see, for example, Ref. 1) that the wing loading must be
decreased in order to decrease both the takeoff and landing
speeds. However, wing loading reduction introduces certain
operational deficiencies, such as sensitivity to gust loads.2 In
order to suppress the effects of atmospheric turbulence and to
overcome the associated high level of work load required
from the pilot, it is generally necessary to install a ride quality
control system on a STOL transport aircraft. Here a ride
quality control system is taken to refer to an automatic
control system, the purpose of which is to reduce the ac-
celerations experienced both by passengers and crew. A
number of ride comfort models have been proposed by
several researchers (see, for example, Refs. 3-5).

One of the common ride quality criteria is the Ride
Comfort Rating.6 Indeed, Wolf, Rezek, and Gee7 defined
Ride Comfort Rating using, as a basis, a five-point rating
scale. Their model was based on passengers' opinions of ride
comfort obtained from experiments using the NASA Jetstar
airborne simulator. For cases when the normal acceleration,
az, is at least 1.6 times greater than the lateral acceleration, ay
(as was the case with the Jetstar aircraft), the comfort rating,
C, is given by the expression

+11.9(7, (1)

where oa and aa , respectively, are the root-mean-square
values (expressed in units of g) of the lateral and normal
accelerations of the aircraft. Thus it is a principal objective of
a ride quality control system to suppress the values of lateral
and longitudinal acceleration in order that the comfort rating
can be brought down to acceptable and pleasant levels.

In a thesis, Saoullis3 developed a mathematical model of an
executive jet STOL aircraft. This model is used in this paper
as the basis for the design of a ride quality control system with
the objective of improving the normal acceleration response
under turbulent conditions. The design is undertaken by
applying Zakian's method of inequalities (see, for example,
Refs. 8-21). A brief review of this method is presented in Sec.
II of this paper, and an appropriate mathematical model is
developed in Sees. Ill and IV. Two approaches to the design
are presented in Sec. V: first, there is a design based on a
reduced-order model, and second, there is a design based on a
more complete model. Appropriate conclusions are drawn in
Sec. VI.

II. The Method of Inequalities
A. General

Detailed accounts of the method of inequalities and its
applications to the design of linear, time-invariant control
systems have been given by Zakian and Al-Naib.8'9 For the
sake of completeness, the method is reviewed briefly in this
section. Although the method can be applied to the design of
controllers for multi-input, multi-output systems, in this

paper the method is applied to the design of a single con-
troller, K(s,p), for the class of single-input, single-output
system depicted in Fig. 1. This controller has the general
structure

P1(l+p2s)...(l+prs)
(2)

Although any proper rational function could be used for the
controller K(s,p), the form Eq. (2) chosen here restricts
K(s,p) to real poles and zeros. This has certain advantages in
the application considered in this paper. First, the designer
formulates the problem in terms of a number of inequalities in
the form

(3)

where ci is a real number, p denotes the real vector (p]f
P2,...,pn) representing the parameters of the controller which
is being designed. For each p, there is </>,(/>) which is a real
scalar and which represents an aspect of the dynamical
behavior of the system under design: these aspects include
steady-state error, the rise time, the overshoot, the settling
time, the undershoot, and the maximal and minimal con-
troller output.

The real number ci in Eq. (3) represents the numerical
bound on the particular aspect of dynamical behavior
described by <£/(/?), where the particular selection of the
function </>,- depends upon the chosen design criteria. In
formulating the problem, the designer has to choose the
functions, <t>f, the bounds, cit and the structure, K(s,p), of
the controller. Preference is given, of course, to controllers
with the simplest structures. Once this is done, the problem
has been formulated, and it only remains to compute a value
of the vector p (if one exists) which satisfies all the inequalities
expressed by Eq. (3). This value of p is the numerical solution
to the problem thus formulated and its elements determine the
precise form of the controller structure. By examining the
result, the designer may decide to refine the formulation of
the problem. This may be done by adding new inequalities, or
by removing some, or by replacing some inequalities with
others, or by choosing a different structure of controller. In
this way, the designer goes through a sequence of for-
mulations until satisfied that no further improvement is
necessary.

A simple algorithm, called the moving boundaries process
(MBP) is available8 for obtaining the numerical solution to
the set of inequalities. The MBP algorithm is simple and
effective and has been used extensively in practice,11'22

although an analysis of its convergence properties has yet to
be made. Another algorithm,23"26 which is more complicated,
but with known convergence properties, has recently been
proposed for solving such functional inequalities.

To ensure a known level of asymptotic stability for the
closed-loop system, another inequality is added. In the case of
a single-input, single-output system, a negative abscissa of
stability, a (which can be computed by repeated use of the
Routh array27), ensures an adequately stable closed-loop
system. Thus the additional inequality is

a< —a.

where

= max (real (X/) )

(4)

(5)

and the \7 are the v poles of the closed-loop transfer function.
The specification of stability is then expressed by the
inequality

a<0 (6)
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Fig. 1 Single-input, single-output closed-loop control system.

If the initial selection of p gives rise to an unstable closed-
loop system, then the MBP method is used to find a stable
point by satisfying the inequality Eq. (4). With this as the
starting point, the MBP method is used to solve all the
inequalities simultaneously. Each trial of the MBP method
involves a test for stability followed by the computation of the
</>,- (p) which are obtained from the system step response y ( t )
for the class of system shown in Fig. 1, with d ( s ) =0, or the
error response e(t) for the class of system shown in Fig. 1,
with d(s) ?*0. Computation of these responses can be carried
out effectively by means of IMN approximants.28'29

B. Measures of Performance
This subsection presents an outline of recent work by

Zakian9'10 in which the practice of specifying control system
performance through the step response is justified. The
closed-loop system specifications are formulated as
inequalities in order to permit the design of a controller by use
of the method of inequalities. The block diagram of a
standard single-input, single-output feedback control system
is shown in Fig. 1, and the corresponding closed-loop transfer
function, is given by the expression

w(s) = y ( s ) K(s,p)L(s)G(s)
f(s) l+K(s,p)L(s)G(s) (7)

where K(s,p) is a controller with the structure given in Eq.
(2). The closed-loop unit step response, y(t), is defined by

y ( t ) = £ - < [ w ( s ) / s ] (8)

where <£ ~ 7 denotes the inverse Laplace transform operation.
In the case depicted in Fig. 1 where an equivalent distur-

bance, d(t), is introduced to the system output, y(t), the
closed-loop system can be treated as though it were subjected
to a combined input function, f ( t ) , given by the equation

f(t)=r(t)-d(t) (9)

It follows from Eq. (9) that the corresponding error signal,
e ( t ) , when r ( t ) is a unit step is given by the expression

(10)

One of the aims of the design is to achieve a small error, e(t),
which can be achieved by reducing the size of 17 — y ( t ) I to a
sufficiently small and acceptable range of values. This can be
done using the method of inequalities having applied Holder's
inequality8 to Eq. (10), and with the use of conventional step-
response characteristics such as the steady-state error, the rise
time, the overshoot, and the settling time. These step-response
characteristics of the system are defined in classical control
literature (for example, Refs. 30,31). When the input func-
tion, r ( t ) , is one of a known class, then certain other
characteristics of the class have to be known.9'32 In this
situation, the design objective is to construct a controller such
that the error settles down to within a prescribed level, e, in a
prescribed period of time called the settling period, ts. In
other words,

C. Control Constraints
The design method illustrated in this paper is intended to

improve the output step-response characteristics, and to
improve the error response when the system is subjected to
disturbances. However, the mathematical model of the
aircraft developed in Sees. Ill and IV is conditionally linear.9
In other words, the linearity of the model is only preserved
under the condition that the controller output, n(t), is limited
in magnitude to the maximum deflection angle which the
actuating element is allowed to produce. In addition, the rate
of change, d/i/df, of controller output is limited by the
maximum rate of change which can be produced by the ac-
tuating element. Thus, in addition to the constraints deter-
mined by the requirements for desirable transient-response
characteristics, there are two other constraints dictated by the
system construction. By ensuring that neither of these con-
straints is violated, it will be possible to have greater con-
fidence in the design of a controller which is based on 4
linearized model. In terms of inequalities, these constraints
can be expressed as

(12)

and

* F (13)

where £/min, Umax and Kmin, Fmax are the minimal and
maximal controller outputs and the minimal and maximal
rates of change of the controller output, respectively.

III. Mathematical Model
A. Equations of Motion

The equations of longitudinal motion of an aircraft can be
expressed in a number of ways using a variety of notations
and nomenclature. For the purpose of illustrating the method
of inequalities, it will be assumed that the aircraft behaves as
a rigid body and that the motion after a small disturbance
from Ig straight-and-level flight consists only of small per-
turbations in the response variables. Thus the longitudinal
motion will be modeled by the following dimensional,
linearized, ordinary differential equations:

Forward translation,

(t) +Xqq(t)

Vertical translation,

-mgcos9eO(t) (14a)

suple(-0 I <e (11)

+ Zqq(t) +Z1lri(t) -mgsmQeB(t)

Pitching rotation,

I y q ( t ) =Mu[u(t)+ug(t)

+ M*w(t) +Mqq(t)

Pitching kinematics,

0(t)=q(t)

(14b)

(14c)

(14d)
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In designing a longitudinal ride-control system, an ex-
pression for the normal acceleration, az(x,t), at a point
distance x ahead of the center of gravity is required. This
expression is

az(x,t)=w(t)-ueq(t) -xq(t) (15)

Equations (14) can be written in the usual state-space form as

x ( t ) =Ax(t) +bri(t) +Eug(t) (16)

where the longitudinal state vector, x ( t ) , is

' u ( t )

Input vector,

(17a)
<7(0

0(0

and where the atmospheric disturbance vector, « ( /) , is

(17b)

The expression for the normal acceleration, az(x,t), given in
Eq. (15) can now be written in terms of the vectors x ( t ) and
x ( t ) in the form

az(x,t) =m](x)x(t) (18)

where the measurement row vectors, m](x) and /wj, are given
by the respective equations

and
mJ=[0,0,-K,0]

(19a)

(19b)

It follows from Eqs. (16) and (18) that the normal ac-
celeration, az(x,t), can be expressed in terms of the
longitudinal state vector, x(t), the control input, 17(0, and
the atmospheric disturbance vector, ug(t). Thus

az(x,t) = [mJ(x)A+m%]x(t) +mT(x)brj(t)

+ mf(x)Eu (t) (20)

The open-loop transfer functions for the normal acceleration,
az(x,t), can be derived directly from Eq. (18) or (20).

IV. Illustrative Example
A. Open-Loop Model

The method of inequalities is illustrated in this paper by
considering the appropriate longitudinal data for a twin-
engined executive jet aircraft flying at low speed. This model
has been used by a number of researchers (see, for example,
Ref. 3).

At a flight speed of 40 m/s in the approach configuration,
the longitudinal rigid-body dynamics are described by the
following matrices:

Plan

A =

t matrix,

" -0.0166

-0.175

+ 0.00131

0

+ 0.108

-1.01

-0.00991

0

0

+ 40.0

-0.546

+ 1.0

-9.81 "

0

0

0

(21a)

b =

Disturba

E=

+ 1.97"

-17.20

-2.26

0

nee matrix,

" -0.166 +0.108

-0.175 -1.01

+ 0.00131 -0.00991
0 0 _

(21b)

(21c)

Measurement row vector,

m f(jc) = [0,1,0,0]

Measurement row vector,

/nj= [0,0, -40.0,0]

(21d)

(21e)

The appropriate open-loop transfer functions used in the
design of an elevator controller to suppress the normal ac-
celeration response to both horizontal and vertical gusts are
given by the expressions

dz(0,s) /i? (s) = G } ( s ) = (- 11.2s4 - 10.021s5

+ 84.142s2-1.133s)/A (s) (22a)

dz(0,s)/ug(s)=G2(s) = (-0.115s4 -0.0956s5

- 0.1223s2)/A (s) (22b)

dz(0,s) /wg (s) =G3(s) = (-l .Ols* -0.587s5

- 0.0195s2 - 0.0300s) /A (s) (22c)

where the characteristic polynomial, A(s), is

A (s) = s4 + 1.573s5 + 0.995s2 + 0.033s + 0.0300 (23)

Each of the three open-loop transfer functions G7(s),
G2(s), and G3(s) has aproper form: that is, the numerator
has the same order as the denominator. An alternative for-
mulation in^ terms of proper transfer functions, G7(s) ,
G2 (s), and G3 (s), is as follows:

Gj (s) = K1 + G1 (s) = - 17.2 + (17.03s5 + 101.26s2

-0.562s + 0.516)/A(s) (24a)

G2(s)=£2 + G2(s) = -0.175 + (0.180s5+0.052s2

+ 0.0058s + 0.0052)/A (s) (24b)

G3 (s)=K3 + G3(s) = -1.01+ (1.001s5 +0.986s2

+ 0.0036s + 0.0303)/A (s) (24c)

The block-diagrams of the closed-loop descriptions of the
systems in terms of both the aproper and proper open-loop
transfer functions are presented in Figs. 2 and 3, respectively.
In this paper, the proper form is used in order to facilitate the
inclusion of step disturbances.
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K(s,p) ^ Us)
9(5)

G^s) az(0,s)

Fig. 2 Closed-loop ride-control system with aproper transfer func-
tions.

f(s) /Ov§(s)
V ' r\vs,|j;

A
(K )/s

max

OA=>; r
az(0,s)

Fig. 3 Closed-loop ride-control system with proper transfer func-
tions and maximum disturbance.

Before proceeding with the design analysis, the^ poles and
zeros of the open-loop transfer functions Gl (s), G2 (s), and
G3 (s) are determined. These are as follows:

Poles of A (5),

Zeros of G7(s),

Zeros of G2 (s),

Zeros of G3 (s),

- 0.794 ±/0.597

+ 0.008 ± /O.I 74

+ 0.003 ±/0.071

-5.953

+ 0.053 ±/0.267

-0.394

+ 0.013±/0.172

-1.011

(25a)

(25b)

(26a)

(26b)

(27a)

(27b)

(28a)

(28b)

It is evident from Eqs. (25) that the longitudinal modes of
response comprise the classical short-period oscillation and
the long-period Lanchester phugoid. The respective damped
frequencies of these two modes are

oo; =0.597 rad/s

co = 0.174 rad/s

(29a)

(29b)

which are sufficiently well separated to allow the model to be
simplified in the first instance before designing the structure,
K(s,p), of the controller. Once this structure has been
determined, it is then a simple matter to refine it using the
original unsimplified model.

There are a number of methods of simplification (for
example, Refs. 33-36), of which the following are commonly
used in the analysis of problems in aircraft dynamics:

1) Cancellation of the poles and zeros which correspond to
the long-period oscillation.

2) Recomputation of the transfer functions of a reduced-
order system by neglecting the forward-force equation,
changes in forward speed, and the kinematic equation.

3) Decomposition of the open-loop transfer functions into
two independent fast and slow subsystems, each of second
order.

In this paper, a type 3 simplification based on a partial-
fraction, transfer-function decomposition is performed.

Thus, if

{ (s)
D1(s)D2(s) /= 7,2,3

then

(30a)

(30b)

^ The appropriate decompositions for G7(s), G2(s), and
G5(s), corresponding to the data in Eqs. (24-29) are as
follows:

G7(s)=G77(s)+G72(s)

12.531(5-7.719) 4.497(5 + 0.547)
s2 + 1.587s+ 0.986 s2 -0.015s+ 0.030

G2(s)=G2 7(s)+G2 2(s)

0.184(5-0.314) 0.00458(5-0.772)
~s2 + 1.5875 + 0.986 " s2 -0.015s+ 0.030

G3(s)=G31(s)+G32(s)

1.012(s-1.004) O.Q109(s-0.057)
~s2 + 1.587s + 0.986 " s2-0.015s-0.030

(31a)

(31b)

(31c)

The block diagram of the reduced-order, closed-loop system
is obtained directly from Fig. 3 by replacing G7(s), G2(s),
and G5(s) with G77(s), G27(s), and G57(s), respectively.
In this figure

max H I / /max 2 gmax 3 gma\

B. Performance Specification and Constraints
In this paper the normal acceleration response of an aircraft

subjected to step longitudinal gusts, ug and wg, is considered
since ride quality improvement is the only concern. In actual
aircraft control system design, the acceleration response of
the vehicle to control inputs would also be considered in order
to realize satisfactory handling qualities. For ride quality
improvement, only the following inequalities are used in the
design process.

1) Performance specification for step response:

Steady-state error in normal acceleration,

0 7 =0 (33a)

Rise time,

Overshoot,

Settling time,

(33b)

(33c)

(33d)
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K (s,p)=O11(1+2-376s)/s

100 2 u t ime (sec) 8

Fig. 4 Step responses of reduced-order model: controllers Kj(s,p)
and K2(s,p).

2) Performance specification for error response:

Settling period, ts,

< / > 5 < 5 s (34a)

Sup \e(t) I, t>ts,

(/>6<0.3g (34b)

3) Elevator constraints:

The maximum deflection angle of the elevator actuator is
limited to 0.4 rad with a maximum velocity of 0.436 rad/s,
and it is possible to apply these bounds to the controller
output, rjD. This is valid because the response of the actuator
L ( s ) is much faster than that of the remainder of the system.
Thus

(rjD:t>0}=<t>8

sup

/> 7> -0.4 rad

/>£< -0.4 rad

P> -0.436 rad/s

/ < - 0.436 rad/s

(35a)

(35b)

V. Design
A. General

The design of a ride quality control system using Zakian's
method of inequalities is undertaken in this paper in two

stages. First, a reduced-order model of the type developed in
Sec. IV is used. This is done to get some feel for the structure
of the controller, K(s,p), which is satisfactory, before
moving on to use the complete model in the second stage. In
both stages of the design process, the open-loop transfer
function of the power control and actuator is assumed to be

2500
vjD(s) \s+\2.5/\s2 + 31.5s + 25W (36)

The position and velocity constraints of the power control and
actuator are given by the inequalities described by Eqs. (35).

B. Reduced-Order Model
1. Unit Controller

The unit controller closed-loop step response of the
reduced-order model described by Eqs. (31) is shown in Fig. 4.
In this instance, the controller has the structure

Kj(s,p)=l (37)

The values of the appropriate functional are presented in
Table 1, column 1.

It is evident from the values of the appropriate functional
that the overshoot value of 63% is unacceptable. In addition,
the elevator control angle varies between - 0.6 and + 1.0 rad,
both of which exceed the permitted linear range of the ac-
tuating elements. Thus it is necessary to design a controller
transfer function, K(s,p), the inclusion of which will enable
the step-response characteristics of the closed-loop system to
satisfy the set of inequalities listed in Sec. IV.B. as inequalities
(33-35). In this section, two different formulations of the
controller are described for the reduced-order model and three
further formulations of the controller are described in Sec.
V.C. for the complete model.

2. Proportional Controller
A proportional controller has the structure

K(s,p) =Pl (38a)

so that the parameter vector, /?, in Eq. (2) has the form

P=[PI] (38b)

In order to apply Zakian's method of inequalities, a number
of different starting values of pl were used. After 40
iterations of the moving boundaries process, no solution to
the design problem could be found for any of the arbitrarily
chosen starting values of pr A conflict between settling time
and overshoot was also noted.

3. Proportional-plus-Integral Controller
Recognizing that a zero-valued, steady-state error is

required, the proportional-plus-integral controller was chosen

Table 1 System functional for different controllers

Steady-state error
Rise time
Overshoot
Settling time
Settling period, ts
sup \e(t) 1, t>ts

^min
"max

min
max

\
\ Controller

Functional \

0 / — Of?
fp ~ < 1 . i S

<^> , < 1 0 H' o
fy A — 5 s
(f>5 < 5 s
05<0.3g
</> 7>-0.4rad
05 < + 0.4 rad
<£9> -0.436 rad/s
<£70< +0.436 rad/s

Step
response
^/ (s,p)

0.01
0.12

63
1.46

-0.61
+ 1.00
-4.83
+ 2.61

Step
response
K2(s,p)

0
1.46

8
4.90

+ 0.01
+ 0.02
-0.003
+ 0.020

Error
response
K2 (s,p)

4.6
0.16

+ 0.02
+ 0.18
-0.155
+ 0.033

Step
response
K3 (s,p)

0
1.94
0.9
2.99

-0.01
+ 0.39
-0.169
+ 0.004

Error
response
K4(s,p)

4.0
0.30

-0.31
+ 0.39
-0.017
+ 0.148
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time (sec)
Fig. 5 Error response of reduced-order model: controller K2 (s,p).

1-2

1-0
az

0-8

0-6 _

0-4 —

0-2 _

20 10040time (sec) so
Fig. 6 Step response of complete model: controllers K2(s,p) and
K3(s,p).

to have the structure

K2(s,p)=p](l+p2s)/s (39a)

so that the parameter vector, p, in Eq. (2) has the form

P=[pi,P2]T (39b)

With the initial value

P = [ 1 , 1 ] T (39c)

an approximate solution of the set of inequalities was found
after 12 iterations of the moving boundaries process. The
resulting value of the parameter vector was

p= [0.011, 2.376] T (39d)

so that the corresponding controller has the form

K2(s,p) =0.011(1+2.3765)75 (40)

The corresponding response of the reduced-order model to a
unit step input is shown in Fig. 4, and the corresponding
values of the appropriate functional are presented in Table 1,
column 2. Thus the controller is satisfactory with respect to
all the selected performance specifications and constraints.

When the aircraft is subjected to step disturbances of 5 m/s
in forward speed, ug, and 1 m/s in vertical gust speed, wg) the
error response described in Sec. II.B. is used as a further
design criterion. In this case, the behavior of the error
response to a combined input function of the form described
in Eq. (9) should satisfy the set of inequalities expressed by
Eqs. (34). Rather than apply the method of inequalities again,
the controller described by Eq. (40) proved to be generally
satisfactory. The corresponding error response of the
reduced-order model is shown in Fig. 5, and the correspond-
ing values of the appropriate functional are presented in
Table 1, column 3.

C. Complete Model
1. Proportional-plus~In tegral Controller

The controller described by Eq. (40) proved to be
satisfactory in all respects in the case of both the step response
and the error response of the reduced-order model. In
designing a controller for the complete model, the same
controller is tried in the first instance. The corresponding step
response is shown in Fig. 6, from which it can be seen that
there is evidence of a lightly damped, long-period oscillation,
as might have been expected. One hundred iterations of the
moving boundaries process with different starting controller
parameters did not yield satisfaction of the specified
inequalities. At this stage, it was decided to increase the
complexity of the controller structure in order to compensate
the system for the effects of the long-period oscillation. To
achieve this objective, a phase-lead compensator should be
added with a break point at the frequency of the long-period
oscillation.

2. Proportional-plus-Integral Controller with Phase Lead
Thus the complexity of the controller is increased, and the

effects of using a proportional-plus-integral controller with
phase lead are investigated.

Such a controller has the structure

P j ( l + p 2 s ) (l+p3s)
s(l+p4s)

so that the parameter vector, /?, in Eq. (2) has the form

(41)

(42)

Initial values of p]fp2 are taken to be equal to the
corresponding values given in Eq. (39d) for the reduced-order
model. Initial values of p3 and p4 for the phase-lead com-
pensator are chosen to be 10 and 1 , respectively.

Thus with the initial value

-[0.011, 2.376, 10, l ] T (43)

an, approximate solution to the set of inequalities was found
after 25 iterations of the moving boundaries process. The
resulting value of the parameter vector was

p= [0.400,0.655,7.000,4.600]: (44)

The corresponding response of the complete model to a unit
step input is shown in Fig. 6, and the corresponding values of
the appropriate functional are presented in Table 1, column
4. Thus the controller is generally satisfactory with respect to
all the selected performance specifications and constraints,
with the exception of the rise time. However, it can readily be
shown, in the case of the error response when the aircraft is
subjected to the step disturbances, ug = 5 m/s and wg = 1 m/s,
that the initial value of controller demand is unacceptably
high. There are two techniques which are normally used in
such a situation. First, the design constraints have to be
relaxed, or second, the complexity of the controller has to be
increased.
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Fig. 7 Step and error response of complete model: controller
K4(s,p).

3. Proportional-plus-Integral Controller with Double Phase Lead
In this numerical example, it was decided that the design

constraints should not be relaxed in the first instance. Thus
the complexity of the controller is increased further, and the
effects of using a proportional-plus-integral controller with
double phase lead are investigated. Such a controller has the
structure

K4(s,p) = P](l+p2s)(l+p3s)(l+p4s)
(45)s(l+p5s)(l+p6s)

so that the parameter vector, p, in Eq. (2) has the form

P = [Pl>P2>P3>P4>P5>P6 1 T (46)

With the initial value
p= [0.01,0.89,7,1,4.6,1 ] T (47)

an approximate solution8 to the set of inequalities was found
after 40 iterations of the moving boundaries process. The
resulting value of the parameter vector was

p= [0.00436,5.305,8.422, -0.498,19.102,0.114] T (48)

The corresponding response to a unit step input and the error
response to a combined input function are shown in Fig. 7.
The values of the appropriate functional are presented in
Table 1, column 5. Thus the controller is satisfactory with
respect to all the performance specifications and constraints,
and can be regarded as being acceptable.

VI. Conclusion
Almost all of the recent trends in control system design

have been toward the use of numerical procedures, and the
application of the method of inequalities to control system
design is another manifestation of this trend. In this paper,
the design of a longitudinal ride-control system for a short
takeoff and landing aircraft has been undertaken by using the
method of inequalities.

Design of conditionally linear, time-invariant, control
systems by the method of inequalities comprises two main
criteria: 1) step-response criterion of design (overshoot, rise
time, settling time,...,etc., defined in Ref. 8); and 2) error-
response criterion of design (sup \e(t) I <e, t>ts).

The results obtained by using the step-response criterion are
not enough to ensure the satisfactory operation of the system
when it is subjected to external disturbances. In such cases,
the error-response criterion proves to be useful.

It is evident that controller design by the method of
inequalities results in a simple configuration for the controller

for the closed-loop system. The design comprises a single
input and a single output, and no additional states need to be
observed or measured. The controller structure resulting from
using the method of inequalities is not necessarily unique,
which is often an advantage rather than a disadvantage in
many cases, since it gives the manufacturer more than one
solution from which a controller can be selected using other
criteria.
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